The method is then applied to prove that for a constellation of explicit manifolds M, the cone C(M) = \tx; x € M and 0 < t < l! is the unique solution to the Plateau problem for M, (Thus, there is no hope for general interior regularity of solutions in codimension one.) These manifolds include the original examples of type S" x S" C R n+ , zz > 3, due to Bombieri, DeGiorgi, Giusti and Simons.
They also include a new example in R and examples in R" for zz > 10 with any prescribed Betti number nonzero.
1. Introduction. Let G be a compact, connected Lie group acting orthogonally on R", and let M be a compact, oriented, (n -2)»dimensional, G-invariant manifold, of class Ck, imbedded in Sn~l = |x e R": |x| = l}. By a solution to the plateau problem fot M in R" we mean an (n -l)-dimensional integral current T with dT = M whose mass M(T) satisfies M(T) = inf i/Vl(T ): T is an integral current in R" and dT -Mj. The existence of T follows from general theory (and uniqueness does not, in general, hold). The support of T minus another compact set ö whose Hausdorff dimension does not exceed n -8 is an (n -^dimensional analytic manifold [5l and [7] . Hence, if n < 7, then S = 0. If n = 8, S consists of at most isolated points [5, 5.4.16] . Moreover, for any n we know from [l] that near M the support of T has the structure of a regular manifold with (M as) boundary.
In the case where M possesses certain symmetries as above it is natural to investigate the possible symmetries of T. If the condition that G be connected is dropped, it is not necessarily true that every solution to the Plateau problem for M is G-invariant [5, 5.4.17] . However, we shall show that whenever G C SO in),
there always exists at least one invariant solution and, moreover, that uniqueness
The next step is to study the Plateau problem for M within the class of G-invariant integral currents. We show how this reduces to the study of a corresponding Plateau problem in the space R"/G with an appropriate metric structure (cf.
[8]) where in some cases the questions of uniqueness and regularity of solutions are vastly simplified.
In particular, for many cases the problem is reduced to one of studying the geodesies on a certain Riemannian manifold.
As an application, we then give a new proof that the cone C(S"x S") = \(x. y) £ï\n+lx R"*1: |x|2< |y|2= 7 i is the unique solution to the Plateau problem for S" x S" C R "+ (first proved by 2. Notation. Let X be a Riemannian manifold. We denote by E (X) the space of smooth, exterior zeforms on X with the usual topology.
We let E ,(X) he its dual space and denote by ¡k(X) C E, (X) the subgroup of & dimensional integral currents (with compact support) in X (see [6] ). For each k there is a boundary map d. Ek(X) -, Ekl(X) defined by setting (dT)(<f>) = T(dd>) tot T £ £fe(X) and cb £ Ek~\X) where d: Ek~l(X) -, Ek(X) is exterior differentiation.
At each point p of X we introduce a norm ¡| -|| on A X by setting (2-1) ||v|| = inf < X. Iw -| ■ v = ¿Lv ■ an<^ eacb v . is a simple vector \ where |-| is the usual norm obtained from the metric on X . For </j £ E (X) we define the mass of <p to be M(c4) = supi||ç3 f: p £ X\. For T £ Ek(X) we then define the mass of T as zM(T) = supiTr/x M(<f>) < l\. Associated to each T 6 Ek(X) fot which M(T) < °o we have the variation measure ||T|| of T defined by setting !|T| [(/) = supiTr/3; ||<p|| < f\ for each nonnegative, real valued, continuous function / on X.
For any locally Lipschitzian map /: X -» X' where X' ¡s another Riemannian manifold, we denote the induced map on currents by f : E^(X) -* E^(x'), and such that M(T) = inf \MiT"): T' £ ¡n ,(R") and dT" = Mi.
The existence of T is guaranteed by 9.6 in [6] . From this T we will construct a G-invariant current having mass M(T) and boundary M. 
Since dg AT = M fot all g e G we have dT = M, and, by the lower semicontinuity of the mass function, M(T) < M(T). Our first step shall be to represent T as part of the boundary of an zz-dimensional integral current.
Let S" " = ¡x e R": |x| = ll and recall that M is a compact oriented (n -2)- We now define a function / (x) = j"G f(gx) dg with associated current u= fjg,u)dg = c7. Proot. Let 7* be the unique invariant solution, and let T, U, T. , etc, be as above. Then T. -T* fot 0 < X < 1. Hence T = T*, and 7(x) ■--0 or 1 for all x. Thus / = / which implies (/ = U and T = T = T*. For details of this case see §5 and [5, 5.4.17] .
4. Reduction of the equivariant problem. Our purpose here is to reduce the Plateau problem for G-invariant currents to a corresponding problem in the space of orbits. We begin with the case which is simplest geometrically.
Let X be an (72 + p)-dimensional oriented Riemannian manifold and G a compact, connected group of isometries of X (a sub-Lie group of ISO (X)). We shall assume for the moment that all the orbits of G on X are of the same type (i.e., all the isotropy subgroups G ={g £ G: gx -x\ for x e X are mutually conjugate in G). Then there is a natural differentiable structure on the space of orbits X/G so that G G -> X -» X/G is a differentiable fibre bundle. Moreover, the manifold (For convenience we shall also denote the function 77*V on X by V") There are several other Riemannian metrics on X which will be of interest here. For each integer k, 1 < k < dim X/G, we define the metric (• , • ), on X/G by
Then the area of a k-dimensional submanifold of X 'G in the metric (■>•), is equal to the area of its inverse image in X.
A current T is called G-invariant if g T = T for all g £ G. We denote by We now return to the case of a compact, connected Lie group G represented orthogonally on R". The orbits of G are, in general, not all of the same type. However, there is an open dense submanifold X C R" which is comprised of orbits of the same type, the so-called principal orbits, and which fits into the setting above»
We denote by p the common dimension of the principal orbits, and to simplify the discussion we shall assume that the dimension of all nonprincipal orbits is < p, i.e., there are no "exceptional orbits." (This last condition can be dropped as indicated in Remark 4.5.) The singular set S R" ^ X is a differentiable stratified set (stratified by orbit types) of codimension at least two. The volume function V: R" -» R+ u iOi is then defined as follows.
It is not difficult to see that V is an invariant polynomial of degree 2p,
The orbit space R"/G has the natural structure of a differentiable stratified set such that over each stratum the restriction of 77: R" -> Rn/G is a differentiable fibre bundle. such that dT = B and MÎT) = iní\MÍT'): T' e /£+t(R") and dT' = S}.
We denote any such current T as a solution to the equivariant Plateau problem for B.
We shall now formulate an equivalent Plateau problem in the orbit space R"/G, In doing this the following fact will be crucial. 
M(T) = inf {M(T'): T" £ %G ß! we have d(T L X) = B.
Proof. Since S is a cone in R" we have that supp(T) is contained in any ball centered at the origin which contains supp (B). Thus we shall always work inside a compact ball. Note that since T is minimal, T = T L X. Since we need to have cb ~ /sin ö cos Ö -» 0 as (9 -» 0 and 6 -* rr/2, we must require that (5.12) /3> H + max(l/p, 1/?).
Under this assumption we have that i/XO) = éín/2) = 1 and ifriß A = 0. Thus, it suffices to prove that dj'id) = 0 only at 6 = 6. fot some choice of ß satisfying (5.12). Computing, we find that xjj'i6) = 0 only at 6 = 6. if and only if FÍ6)d= A[ia/ß)2 -íp + q)2]sin20cos2Ü f (Az72-p)sin2(9 + (.Vq) cos20 > 0 for 0 < 6 < rr/2, where A = ß -\{ > .nax(l/p, l/q).
Note that E(0) > 0, Firr/2) > 0 and that the coefficient of cos26 sin26 in F is < 0 for all acceptable ß. We then compute the minimum value of E to be If we let / = 1 (corresponding to cases (2), (3) and (4) ,2n^,2n (du2 + dv2).
For any 72 there are just two possible (noncongruent) geodesies which could be the shortest curve joining the point (1,1) to the boundary as shown in the figure.
For 72 = 1, 2 the curve y. (or its mirror image) is the shortest. However, as seen in (5.11), for large tz the volume function shrinks the orbit space along the diagonal much more that it does elsewhere, and for n > 3 the diagonal line y is in fact the shortest route to the boundary.
